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Here we investigate a majorization problem involving starlike function of complex
order belonging to a certain class defined by means of fractional derivatives. Relevant
connections of the main results obtained in this paper with those given by earlier workers
on the subject are also pointed out.
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1. Introduction
Let f (z) and g(z) be analytic in the open unit disk
∆ = {z : z ∈ C, |z| < 1} . (1.1)
We say that f (z) is majorized by g(z) in∆ (see [1]) and write
f (z) g(z) (z ∈ ∆), (1.2)
if there exists a function ϕ(z), analytic in∆ such that
|ϕ(z)| ≤ 1 and f (z) = ϕ(z)g(z) (z ∈ ∆). (1.3)
It may be noted here that (1.2) is closely related to the concept of quasi-subordination between analytic functions.
LetA(p) denote the class of functions of the form
f (z) = zp +
∞∑
k=p+1
akzk, (p ∈ N = {1, 2, 3, . . .}), (1.4)
which are analytic and multivalent in the open unit disk∆. In particular if p = 1, thenA(1) = A.
For functions fj ∈ A(p) given by
fj(z) = zp +
∞∑
k=p+1
ak,jzk, (j = 1, 2; p ∈ N), (1.5)
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we define the Hadamard product (or convolution) of f1 and f2 by
(f1 ∗ f2)(z) = zp +
∞∑
k=p+1
ak,1ak,2zk = (f2 ∗ f1)(z).
Definition 1 ([2], See also [3]). The fractional integral of order λ (λ > 0) is defined, for a function f , analytic in a simply-
connected region of the complex plane containing the origin by
D−λz f (z) =
1
Γ (λ)
∫ z
0
f (ξ)
(z − ξ)1−λ dξ, (1.6)
where the multiplicity of (z − ξ)λ−1 is removed by requiring log(z − ξ) to be real when z − ξ > 0.
Definition 2 ([2], See also [3]). Under the hypothesis of Definition 1, the fractional derivative of f (z) of order λ is defined by
Dλz f (z) =

1
Γ (1− λ)
∫ z
0
f (ξ)
(z − ξ)λ dξ (0 ≤ λ < 1),
dn
dzn
Dλ−nz f (z) (n ≤ λ < n+ 1; n ∈ N),
(1.7)
where the multiplicity of (z − ξ)λ−1 is removed by requiring log(z − ξ) to be real when z − ξ > 0.
Very recently, Patel and Mishra [4] defined the extended fractional differ-integral operatorΩ(λ,p)z : Ap → Ap for a function
f ∈ Ap and for a real number λ (−∞ < λ < p+ 1) by
Ω(λ,p)z f (z) =
Γ (p+ 1− λ)
Γ (p+ 1) z
λDλz f (z), (1.8)
where Dλz f (z) is, respectively the fractional integral of f of order λ if 0 ≤ λ < p + 1. It is easy to see from (1.8) that for a
function f of the form (1.1), we have
Ω(λ,p)z f (z) = zp +
∞∑
n=p+1
Γ (n+ p+ 1)Γ (p+ 1− λ)
Γ (p+ 1)Γ (n+ p+ 1− λ)anz
n (z ∈ ∆)
and
z(Ω(λ,p)z f (z))
′ = (p− λ)Ω(λ+1,p)z f (z)+ λΩ(λ,p)z f (z) (−∞ < λ < p; z ∈ ∆). (1.9)
Definition 3. A function f (z) ∈ A(p) is said to be in the class Sλ,jp (γ ) of p-valent functions of complex order γ 6= 0 in ∆ if
and only if
Re
{
1+ 1
γ
(
z(Ω(λ,p)z f (z))(j+1)
(Ω
(λ,p)
z f (z))(j)
− p+ j
)}
> 0
(z ∈ ∆, p ∈ N, j ∈ N0 = N ∪ {0}, γ ∈ C − {0},−∞ < λ < p). (1.10)
Clearly, we have the following relationships:
(i) S0,01 (γ ) = S(γ ) (γ ∈ C − {0}),
(ii) S1,01 (γ ) = K(γ ) (γ ∈ C − {0}),
(iii) S0,01 (1− α) = S∗(α) for 0 ≤ α < 1.
The classes S(γ ) and K(γ ) are said to be classes of starlike and convex of complex order γ 6= 0 in∆which were considered
by Naser and Aouf [5] and Wiatrowski [6], and S∗(α) denote the class of starlike functions of order α in∆.
Amajorization problem for the class S(γ ) has recently been investigated by Altinas et al. [7]. Also, majorization problems
for the class S∗ = S∗(0) have been investigated by MacGregor [1]. Motivated by these works, in the present paper, we
investigate a majorization problem for the class Sλ,jp (γ ).
2. Majorization problem for the class Sλ,jp (γ)
We begin by proving
Theorem 2.1. Let the function f ∈ A(p) and suppose that g ∈ Sλ,jp (γ ). If (Ωλ,pz f (z))(j) is majorized by (Ωλ,pz g(z))(j) in∆, then
|(Ωλ+1,pz f (z))(j)| ≤ |(Ωλ+1,pz g(z))(j)| for |z| ≤ r1, (2.1)
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where
r1 = r1(p, γ , λ) = k−
√
k2 − 4(p− λ)|2γ − p+ λ|
2|2γ − p+ λ|
(k = 2+ p− λ+ |2γ − p+ λ|; p ∈ N, γ ∈ C − {0}). (2.2)
Proof. Since g ∈ Sλ,jp (γ ), we find from (1.10), if
h(z) = 1+ 1
γ
(
z(Ω(λ,p)z g(z))(j+1)
(Ω
(λ,p)
z g(z))(j)
− p+ j
)
(γ ∈ C − {0}, j, p ∈ N and p > j), (2.3)
then Re{h(z)} > 0 (z ∈ ∆) and
h(z) = 1+ w(z)
1− w(z) (w ∈ P ), (2.4)
wherew(z) = c1z+c2z2+· · · andP denotes thewell-known class of bounded analytic functions in∆ (see [8]) and satisfies
the conditions
w(0) = 0, and |w(z)| ≤ |z| (z ∈ ∆). (2.5)
Making use of (2.3) and (2.4), we get
z(Ω(λ,p)z g(z))(j+1)
(Ω
(λ,p)
z g(z))(j)
= (p− j)+ (2γ − p+ j)w(z)
1− w(z) . (2.6)
Now using
z(Ω(λ,p)z g(z))
(j+1) = (p− λ) (Ω(λ+1,p)z g(z))(j) + (λ− j) (Ω(λ,p)z g(z))(j) (1 ≤ j ≤ p; z ∈ ∆) (2.7)
in (2.6) and making simple calculations, we get∣∣(Ω(λ,p)z g(z))(j)∣∣ ≤ (p− λ)[1+ |z|](p− λ)− |2γ − p+ λ||z| ∣∣(Ω(λ+1,p)z g(z))(j)∣∣ . (2.8)
Next since (Ω(λ,p)z f (z))(j) is majorized by (Ω
(λ,p)
z g(z))(j) in the unit disk∆, therefore from (1.3), we have
(Ω(λ,p)z f (z))
(j) = ϕ(z)(Ω(λ,p)z g(z))(j).
Differentiating it with respect to ‘z’ and multiplying by ‘z’, we get
z(Ω(λ,p)z f (z))
(j+1) = zϕ′(z)(Ω(λ,p)z g(z))(j) + ϕ(z)(Ω(λ,p)z g(z))(j+1).
Using (2.7), in the above equation, it yields
(Ω(λ+1,p)z f (z))
(j) = zϕ
′(z)
(p− λ)(Ω
(λ,p)
z g(z))
(j) + ϕ(z)(Ω(λ+1,p)z g(z))(j). (2.9)
Thus, noting that ϕ ∈ P satisfies the inequality (see, e.g. Nehari [8])
|ϕ′(z)| ≤ 1− |ϕ(z)|
2
1− |z|2 (z ∈ ∆) (2.10)
and making use of (2.8) and (2.10) in (2.9), we get∣∣(Ω(λ+1,p)z f (z))(j)∣∣ ≤ (|ϕ(z)| + 1− |ϕ(z)|21− |z| |z|[(p− λ)− |2γ − p+ λ||z|]
) ∣∣(Ω(λ+1,p)z g(z))(j)∣∣ (2.11)
which upon setting
|z| = r and |ϕ(z)| = ρ (0 ≤ ρ ≤ 1)
leads us to the inequality∣∣∣(Ωλ+1,pz f (z))(j)∣∣∣ ≤ Φ(ρ)(1− r)(p− λ− |2γ − p+ λ|r) ∣∣∣(Ωλ+1,pz g(z))(j)∣∣∣
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where
Φ(ρ) = −rρ2 + (1− r)(p− λ− |2γ − p+ λ|r)ρ + r (2.12)
takes its maximum value at ρ = 1, with r1 = r1(p, γ , λ) where r1(p, γ , λ) is given by Eq. (2.2). Furthermore, if 0 ≤ ρ ≤
r1(p, γ , λ), then the function ψ(ρ) defined by
ψ(ρ) = −σρ2 + (1− σ)(p− λ− |2γ − p+ λ|σ)ρ + σ (2.13)
is seen to be an increasing function on the interval 0 ≤ ρ ≤ 1, so that
ψ(ρ) ≤ ψ(1) = (1− σ)(p− λ− |2γ − p+ λ|σ) 0 ≤ ρ ≤ 1; (0 ≤ σ ≤ r1(p, λ, γ )).
Hence upon setting ρ = 1, in (2.13), we conclude that (2.1) of Theorem 2.1 holds true for |z| ≤ r1(p, γ , λ), where r1(p, γ , λ)
is given by (2.2). This completes Theorem 2.1.
Setting p = 1 and j = 0, in Theorem 2.1, we get
Corollary 2.1. Let the function f ∈ A and suppose that g ∈ Sλ,01 (γ ). If (Ωλ,1z f (z)) is majorized by (Ωλ,1z g(z)) in∆, then
| (Ωλ+1,1z f (z)) | ≤ | (Ωλ+1,1z g(z)) | for |z| ≤ r2, (2.14)
where
r2 = k−
√
k2 − 4(1− λ)|2γ − 1+ λ|
2|2γ − 1+ λ| (k = 3− λ+ |2γ − 1+ λ|; γ ∈ C − {0}). (2.15)
Further putting λ = 0 in Corollary 2.1, we get
Corollary 2.2. Let the function f (z) ∈ A be analytic in the open unit disk∆ and suppose that g ∈ S(γ ). If f (z) is majorized by
g(z) in∆, then
|f ′(z)| ≤ |g ′(z)| (|z| ≤ r1)
where
r1 = r1(γ ) = 3+ |2γ − 1| −
√
9+ 2|2γ − 1| + |2γ − 1|2
2|2γ − 1|
which is a known result obtained by Altinas et al. [7].
For γ = 1, the above corollary reduces to the following result:
Corollary 2.3. Let the function f (z) ∈ A be an analytic and univalent in the open unit disk∆ and suppose that g ∈ S∗ = S∗(0).
If f (z) is majorized by g(z) in∆, then
|f ′(z)| ≤ |g ′(z)| (|z| ≤ 2−√3)
which is a known result obtained by MacGregor [1].
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